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Abstract
We demonstrate an algebraic construction of all the simultaneous eigenfunc-
tions of the conserved operators for distinguishable particles governed by the
Calogero Hamiltonian. Our construction is completely parallel to the con-
struction of the Fock space for decoupled quantum harmonic oscillators. The
simultaneous eigenfunction does not coincide with the non-symmetric Hi-Jack
polynomial, which shows that the conserved operators derived from the num-
ber operators of the decoupled quantum harmonic oscillators are algebraically
different from the known ones derived by the Dunkl operator formulation.
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There has been a surge of interest in the orthogonal symmetric polynomials associ-
ated with the quantum integrable systems with inverse-square long-range interactions. Par-
ticularly after the Jack polynomials, which span the orthogonal basis for the Sutherland
model [1–4], enabled an exact calculation of dynamical density-density correlation functions
of the model [5], the Jack polynomial and its variants have been extensively studied. So far,
we have been studying the Hi-Jack (or multivariable Hermite) symmetric polynomial that
forms the symmetric orthogonal basis for the Calogero model [6–10],
HˆC =
1
2
N∑
j=1
(p2j + ω
2x2j ) +
1
2
N∑
j,k=1
j 6=k
a2 − aKjk
(xj − xk)2
, (1)
where pj = −i
∂
∂xj
. The operator Kjk is a coordinate exchange operator that is defined by the
action on a multivariable function, (Kjkf)(· · · , xj, · · · , xk, · · ·) = f(· · · , xk, · · · , xj , · · ·). For
the symmetric case, the exchange operators at the rightmost of the expressions are identified
with the identity, Kjk ≡ 1. Using the Dunkl operator formulation [11,12], we derived the
Rodrigues formula for the Hi-Jack symmetric polynomial for the first time [8]. The Hi-Jack
symmetric polynomials are the simultaneous eigenfunctions of all the commuting conserved
operators of the Calogero model derived by the Dunkl operator formulation [9,10]. They de-
scribe the indistinguishable particles that obey the Calogero Hamiltonian and are considered
to be multivariable Hermite polynomials with one additional parameter [9]. The name Hi-
Jack comes from the fact that the symmetric polynomial is a one-parameter deformation of
the Jack polynomial. Sogo showed a transformation of the symmetric Calogero Hamiltonian
into the Euler operator OE
def
=
∑N
j=1 xj
∂
∂xj
[13]. Recently, Gurappa and Panigrahi showed a
transformation of the symmetric Calogero Hamiltonian into decoupled quantum harmonic
oscillators [14]. Motivated by their results, we presented an algebraic construction of a new
symmetric orthogonal basis for the Calogero Hamiltonian [15] in a completely parallel way
to the construction of the Fock space of the bosonic quantum harmonic oscillators. Since
the first quantized Hamiltonian itself has no information on the statistics of the particles,
there should be eigenfunctions not only for indistinguishable particles but also for distin-
guishable particles. Namely, there should be non-symmetric eigenfunctions that describe
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distinguishable particles governed by the Calogero Hamiltonian (1). In this letter, we shall
show a simple algebraic formula for all the simultaneous eigenfunctions of the conserved
operators of the Calogero model with distinguishable particles and discuss the meaning of
the transformation into the interaction-free system.
First, we decompose the Calogero Hamiltonian (1) into interaction-free N -particle Hamil-
tonian. The ground state wave function of the Calogero model is given by the real Laughlin
wave function,
φg(x) =
∏
1≤j<k≤N
|xj − xk|
a exp
(
−
1
2
ω
N∑
j=1
x2j
)
,
and the ground state energy is given by Eg =
1
2
Nω(Na + (1 − a)). Then the following
similarity transformation removes the action to the ground state wave function from the
Hamiltonian,
φ−1g (HˆC − Eg)φg = ωOE −
1
2
OL,
where the non-symmetric Lassalle operator OL is [16]
OL =
N∑
j=1
∂2
∂x2j
+ a
N∑
j,k=1
j 6=k
( 1
xj − xk
(
∂
∂xj
−
∂
∂xk
)
+
Kjk − 1
(xj − xk)2
)
.
As is similar to Sogo’s approach to the symmetric case, the Calogero Hamiltonian can be
transformed to the Euler operator. The commutation relation [OL,OE] = 2OL and the
Baker-Hausdorff formula yield
e
1
4ω
OL(ωOE −
1
2
OL)e
− 1
4ω
OL = ωOE.
In a similar way, we can transform the Euler operator into the Hamiltonian of the decoupled
quantum harmonic oscillators. The commutator between the Euler operator OE and the
Laplacian ∇2
def
=
∑N
j=1
∂2
∂x2
j
, [∇2,OE] = 2∇
2, and again the Baker-Hausdorff formula yield
e−
1
4ω
∇2ωOEe
1
4ω
∇2 = ω(OE −
1
2ω
∇2).
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Another similarity transformation using the Gaussian kernel produces the Hamiltonian for
the decoupled N quantum harmonic oscillators,
e−
1
2
ωx2ω(OE −
1
2ω
∇2)e
1
2
ωx2 =
1
2
( N∑
j=1
(p2j + ω
2x2j)− Nω
)
,
where the abbreviation x2
def
=
∑N
j=1 x
2
j is used. In terms of the number nj
def
= a†jaj creation
a†j
def
= 1
2iω
(pj + iωxj) and annihilation aj
def
= i(pj − iωxj) operators, the above relation is ex-
pressed by
e−
1
2
ωx2ω(OE −
1
2ω
∇2)e
1
2
ωx2 = ω
N∑
j=1
nj .
In summary, successive applications of the similarity transformations transform the Calogero
Hamiltonian HˆC (1) to the Hamiltonian of the decoupled N quantum harmonic oscillators.
Since the number operators, nj, j = 1, · · · , N, mutually commute, these conserved op-
erators are simultaneously diagonalizable. Thus the non-degenerate simultaneous eigen-
functions of the number operators, which are nothing but the number states, form the
non-symmetric orthogonal basis of the Hilbert (Fock) space for the N decoupled harmonic
oscillators. The similarity transformation indicates that the non-symmetric orthogonal ba-
sis for the Calogero model can be constructed exactly in the same manner. Defining the
creation, annihilation and number operators by
bˆ+j
def
= φge
− 1
4ω
OLe
1
4ω
∇2e
1
2
ωx2a†je
− 1
2
ωx2e−
1
4ω
∇2e
1
4ω
OLφ−1g ,
bˆj
def
= φge
− 1
4ω
OLe
1
4ω
∇2e
1
2
ωx2aje
− 1
2
ωx2e−
1
4ω
∇2e
1
4ω
OLφ−1g ,
nˆCj
def
= bˆ†j bˆj ,
we can algebraically construct the non-symmetric simultaneous eigenfunctions of all the
number operators nˆCj as
|λσ〉 =
N∏
j=1
(bˆ+j )
λσ(j)|0〉
def
= Mλσ(x; 1/a, ω)φg, |0〉
def
= φg, (2)
where λ and σ are respectively the Young diagram, λ
def
={λ1 ≥ λ2 ≥ · · · ≥ λN ≥ 0}, where λk,
k = 1, · · · , N , are integers, and the permutation, σ ∈ SN . The function Mλσ(x; 1/a, ω) is a
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non-symmetric polynomial. These non-symmetric functions are apparently non-degenerate
simultaneous eigenfunctions of the commuting number operators nˆCj . Defining the bras in
exactly the same way as we do for the harmonic oscillators,
〈λσ| = 〈0|
N∏
j=1
(bˆj)
λσ(j), 〈0|
def
= φg, (3)
which is nothing but the dual of the above kets, we can readily confirm the bras and the
kets form the orthogonal basis,
〈λσ|µτ 〉 = δλσ ,µτ
N∏
j=1
λj !〈0|0〉.
See Ref. [16,17] for the vacuum normalization. Thus we have constructed the non-symmetric
orthogonal basis, or the Fock space, for the Calogero model with distinguishable particles.
In order to compare the above basis with the known basis given by the Hi-Jack polyno-
mials [8–10], we rewrite the creation-annihilation operators as
xj = e
1
4ω
∇2e
1
2
ωx2a†je
− 1
2
ωx2e−
1
4ω
∇2,
∂
∂xj
= e
1
4ω
∇2e
1
2
ωx2aje
− 1
2
ωx2e−
1
4ω
∇2.
Then the polynomial parts of the kets (2) is rewritten as
Mλσ(x; 1/a, ω) = e
− 1
4ω
OL
x
λσ , (4)
where xλσ
def
= x
λσ(1)
1 · · ·x
λσ(N)
N . A comment might be in order. In order to avoid the essential
singularity, we have to restrict the operand of the symmetric Lassalle operator to the sym-
metric functions [15]. On the other hand, action of the non-symmetric Lassalle operator on
a monomial yields a polynomial with no essential singularity. As was shown by Baker and
Forrester [16], the non-symmetric Hi-Jack polynomials [16,18,19] is given by
jλσ(x; 1/a, ω) = e
− 1
4ω
OLJλσ(x; 1/a), (5)
where Jλσ(x; 1/a) is the non-symmetric Jack polynomial [20,21]. The non-symmetric Jack
polynomials have triangular expansion forms with respect to the monomials,
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Jλσ(x; 1/a) = x
λσ +
∑
µτ<λσ
vλσ ,µτ (a)x
µτ def= Tλσ ,µτx
µτ . (6)
The order among the pairs of the Young diagrams and the permutations λσ are defined by
µτ < λσ ⇔


1) µ
D
< λ,
2) when µ = λ then the first
non-vanishing difference
τ(i)− σ(i) < 0,
where the dominance order
D
< is given as
µ
D
< λ ⇔ µ 6= λ, |µ| = |λ| and
l∑
k=1
µk ≤
l∑
k=1
λk,
for all l = 1, · · · , N . We have used here the symbol for the weight of the Young diagram,
|λ|
def
=
∑N
j=1 λj. Equations (4) – (6) show that the non-symmetric Hi-Jack polynomials and the
new non-symmetric orthogonal basis are different, though the latter also can be regarded as a
multivariable generalization of the Hermite polynomial with one additional parameter. From
the above expansion (6), we readily confirm that the non-symmetric Jack polynomials are
not the simultaneous eigenfunctions of the operators xj
∂
∂xj
, j = 1, · · · , N , and hence the non-
symmetric Hi-Jack polynomials are not the simultaneous eigenfunctions of the commuting
number operators nˆCj , j = 1, · · · , N .
It seems rather strange at first sight that the two orthogonal bases are related by a
not unitary but triangular matrix Tλσ ,µτ . It reflects the fact that the commuting num-
ber operators nˆCj are not Hermitian but self-dual with respect to the exchange of the cre-
ation and annihilation operators bˆ+j ↔ bˆj , j = 1, · · · , N . That is why the bra 〈λσ| is not
given by the corresponding ket itself, but should be identified with a “rotation” of the ket,
∑
µτ ,νυ Tλσ ,µτTµτ ,νυ |νυ〉 in the inner product. On the other hand, the Dunkl operator formu-
lation [8–12] yields the Hermitian commuting conserved operators for the Calogero model.
The Dunkl operators for the Calogero model are listed as
αˆ†l
def
= −
i
2ω
(
pl + ia
N∑
k=1
k 6=l
1
xl − xk
Klk + iωxl
)
,
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αˆl
def
= i
(
pl + ia
N∑
k=1
k 6=l
1
xl − xk
Klk − iωxl
)
,
dˆl
def
= αˆ†l αˆl + a
l−1∑
j=1
(Kjl − 1), [dˆl, dˆm] = 0.
In terms of the Dunkl operators, the Hamiltonian for the Calogero model (1) is given by
HˆC − Eg = ωIˆ1, where Iˆn
def
=
∑N
l=1(dˆl)
n, n = 1, · · · , N . And the Hermitian commuting
conserved operators are given by the dˆl-operators (and also Iˆn). The polynomial parts of
the non-symmetric simultaneous eigenfunctions for all the above commuting Dunkl operators
dˆl, or equivalently, the conserved operators Iˆn, are uniquely identified as the non-symmetric
Hi-Jack polynomials, which give an orthogonal basis of the Calogero model with respect to
the conventional Hermitian inner product. The non-symmetric simultaneous eigenfunctions
(2) are not the simultaneous eigenfunctions for these commuting conserved operators.
From the discussions above, we conclude that the Calogero Hamiltonian has two sets
of commuting conserved operators which are algebraically inequivalent to each other. We
also conclude that two different conserved operators respectively picked up from the two
different sets do not commute [nˆCj , Iˆk] 6= 0, for k 6= 1, or equivalently, [nˆ
C
j , dˆk] 6= 0. The
Hilbert space of the Calogero Hamiltonian also has two different orthogonal bases that
respectively correspond to the simultaneous eigenfunctions for the two sets of commuting
conserved operators. This peculiar fact must be due to the large degeneracy of the eigenvalue
of the Calogero Hamiltonian (1),
HˆC|λσ〉 = (ω|λ|+ Eg)|λσ〉.
For a particular eigenvalue, say ωn+Eg, the degeneracy is given by the number of pairs of
Young diagrams and permutations λσ such that |λ| = n. Existence of two inequivalent sets
of conserved operators and two different simultaneous eigenfunctions implies some hidden
dynamical symmetry of the Calogero model, as is the case with the hydrogen atom that has
the O(4) dynamical symmetry related to the angular momentum and the Runge-Lenz-Pauli
vector [22].
7
We should note that our discussions so far on the (AN−1-)Calogero model also holds for
the BN -Calogero model [23],
HˆBN =
1
2
N∑
j=1
(p2j + ω
2x2j ) +
1
2
N∑
j=1
(b2 − btj)
x2j
+
1
2
N∑
j,k=1
j 6=k
(a2 − aKjk
(xj − xk)2
+
a2 − atjtkKjk
(xj + xk)2
)
.
where the reflection operator tj is defined by (tjf)(· · · , xj, · · ·) = f(· · · ,−xj , · · ·). As is
similar to the way of Gurappa and Panigrahi for the symmetric case [24], we can decompose
the above Hamiltonian into that of the decoupled quantum particles. By the following
similarity transformation, we have
φ−1g (HˆBN − E
BN
g )φg = ωOE −
1
2
OBNL ,
where the ground state, the ground state energy and the non-symmetric BN -Lassalle oper-
ator are [16]
φg(x) =
∏
1≤j<k≤N
|x2j − x
2
k|
a
N∏
j=1
|xj|
b exp
(
−
1
2
ω
N∑
j=1
x2j
)
,
EBNg =
1
2
Nω(1 + 2a(N − 1) + 2b),
OBNL =
N∑
j=1
( ∂2
∂x2j
+
2b
xj
∂
∂xj
+
b
x2j
(tj − 1)
)
+ a
N∑
j,k=1
j 6=k
( 2
x2j − x
2
k
(xj
∂
∂xj
− xk
∂
∂xk
)
+
Kjk − 1
(xj − xk)2
+
tjtkKjk − 1
(xj + xk)2
)
.
Since the Hamiltonian is transformed to the Euler operator by
e
1
4ω
O
BN
L (ωOE −
1
2
OBNL )e
− 1
4ω
O
BN
L = ωOE,
the polynomial part of the non-symmetric orthogonal basis for the BN -Calogero Hamiltonian
HˆBN is given by
Yλσ(x; 1/a, 1/b, ω) = e
− 1
4ω
O
BN
L x
λσ ,
8
in a similar way to Eq. (4). They are the simultaneous eigenfunctions of the operators xj
∂
∂xj
.
Also in a similar way to the Calogero model, the non-symmetric orthogonal basis is shown
to be different from the known orthogonal basis, namely, the non-symmetric generalized
Laguerre polynomials [16,25]. And the number operators are algebraically inequivalent to
the known commuting conserved operators constructed by Dunkl operator formulation.
So far, we have not found a similar transformation of the Sutherland model into a
decoupled system. This seems rather strange at first because the commuting conserved
operators and the Dunkl operators for the Calogero and Sutherland models are known to
share the same algebraic structure, and become exactly the same in the limit, ω → ∞ [9]
(strictly speaking, we have to remove the action to the ground state when we consider the
correspondence). The difference of the two models is the structure of the Hamiltonian. While
the Calogero Hamiltonian is the simplest conserved operator Iˆ1, the Sutherland Hamiltonian
corresponds to the second conserved operator Iˆ2. We have proved that the second conserved
operator Iˆ2 can not be constructed from the number operators nˆ
C
j . We think that the point
causes the essential difficulty in the application of such a similarity transformation method
to the Sutherland model.
Let us summarize this letter. We have shown an algebraic construction of the non-
symmetric orthogonal basis for the Calogero model in completely parallel way to that of
the quantum harmonic oscillators. The basis consists of the simultaneous eigenfunctions
of the commuting number operators, which is different from the known orthogonal basis
spanned by the non-symmetric Hi-Jack polynomials. The commuting number operators are
algebraically inequivalent to the known commuting conserved operators given by the Dunkl
operator formulation. Existence of the two different sets of commuting conserved operators
and the two different orthogonal bases implies some hidden dynamical symmetry behind the
model. We have also shown that the same story holds for the BN -Calogero model. We have
discussed on the difficulty in the application of this similarity-transformation method to the
Sutherland model. We hope that the new non-symmetric orthogonal bases will shed new
9
light on the study of the eigenfunctions and the correlation functions of the models with or
without spins.
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